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ALGEBRAIC ELLIPTIC COHOMOLOGY THEORY AND FLOPS I
MARC LEVINE, YAPING YANG, AND GUFANG ZHAO,
WITH AN APPENDIX BY JOE¨L RIOU
Abstract. We define the algebraic elliptic cohomology theory coming from Krichever’s el-
liptic genus as an oriented cohomology theory on smooth varieties over an arbitrary perfect
field. We show that in the algebraic cobordism ring with rational coefficients, the ideal gen-
erated by differences of classical flops coincides with the kernel of Krichever’s elliptic genus.
This generalizes a theorem of B. Totaro in the complex analytic setting.
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Introduction
The notion of complex oriented cohomology theory in the category of smooth manifolds was
introduced by Quillen [Q71] in his study of the universal complex oriented cohomology theory,
complex cobordism. The existence of a formal group law associated to a complex oriented
theory allowed Quillen to define an isomorphism of the complex cobordism ring with the
Lazard ring Laz, the underlying ring of the universal formal group law FLaz(u, v) ∈ Laz[[u, v]].
Levine and Morel [LM07, Definition 1.1.2] have defined the notion of an oriented cohomology
theory on the category of smooth quasi-projective schemes Smk over a perfect field k as
an algebraic analog of complex oriented cohomology, without however requiring an excision
property or a Mayer-Vietoris sequence. When the underlying field k has characteristic zero, the
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universal oriented cohomology theory, X 7→ Ω∗(X), exists and is called algebraic cobordism.
Just as for complex cobordism, the coefficient ring Ω∗(k) of algebraic cobordism is isomorphic
to the Lazard ring. The existence of a universal theory over an arbitrary perfect field is not
at present known. We partially fill this gap using motivic homotopy theory to contruct the
universal theory with Q-coefficients, relying on the algebraic cobordism spectrum MGL and
the theorem of Hopkins-Morel, recently established in detail by Hoyois [Hoy13].
We apply this machinery to give algebraic versions of elliptic cohomology. Given a family of
elliptic curves over some ring R, there is a formal group law over the ring R, coming from the
additive structure of the elliptic curves and a choice of parameter along the zero section over
SpecR. The corresponding cohomology theory X 7→ R∗(X), an algebraic elliptic cohomology
theory, is the main subject of this paper.
Such group laws are often constructed using a so-called elliptic genus rather than an explicit
construction of the family of elliptic curves. When k = C, a particular elliptic genus has
a crucial property, called the rigidity property, proved by Krichever in [K90] and Ho¨hn in
[Ho¨h91].
The elliptic genus also arises in the study of Chern numbers of singular varieties. Inspired
by Ho¨hn’s work, Totaro showed in [T00, Theorem 4.1] that the kernel of the elliptic genus
coincides with the ideal in the complex cobordism ring MU∗(C) generated by the differences
of classical flops. As a corollary, the characteristic numbers which can be defined for singular
varieties in a fashion which is compatible with small resolutions, are exactly the specializations
of the elliptic genus. Wang proved in [W01, Theorem D] that the ideal in the complex
cobordism ring MU∗(C) generated by differences of flops equals to the ideal generated by the
differences of K-equivalent varieties.
It is worth mentioning that in Totaro’s work, the proofs take place in the setting of weakly-
complex manifolds and use topological constructions which do not lend themselves to the
situation over a field of positive characteristic.
In this paper, we study the algebraic version of the elliptic cohomology over an arbitrary
perfect field, and consider as well as the question of the existence of a corresponding motivic
oriented cohomology theory representing elliptic cohomology.
The underlying ring of the elliptic formal group law corresponding to Krichever’s elliptic
genus is a certain subring of Z[a1, a2, a3,
1
2a4]; there is an explicit descriptions of the four
generators ai (see [BB10]) as elements in a formal power series ring Q((e
2πiz))[[e2iπτ , k]]. In
order to make this formal group law Landweber exact, we need to enlarge the coefficient ring.
For an integer n ≥ 1, let Ell[1/n] = Z[1/n][a1, a2, a3, a4][∆
−1], where ∆ is the discriminant
(see (3.3)).
For a field k, the exponential characteristic of k is defined to be 1 if k has characteristic
zero, and is chark if chark > 0.
Theorem A (Theorem 3.2). Let k be a perfect field of exponential characteristic p. The
oriented cohomology theory on Smk sending X 7→ MGL
∗(X) ⊗Laz Ell[1/2p] is represented by
a motivic oriented cohomology theory on Smk.
Now we can state our main theorem in this paper as follows. Let MGL∗Q(k) := MGL
∗(k)⊗Z
Q be the algebraic cobordism ring with Q coefficients, and Ell∗Q(k) be the elliptic cohomology
ring with Q coefficients.
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Theorem B (Proposition 4.5, Proposition 5.2, and Corollary 5.3). The kernel of the algebraic
elliptic genus φQ : MGL
∗
Q(k) → Ell
∗
Q(k) is generated by the differences of classical flops, and
its image is the polynomial ring Q[a1, a2, a3, a4].
The basic idea underlying our approach is to use the double-point cobordism of Levine-
Pandharipande [LP09] to give a simple explicit description of the difference of two flops in
the algebraic cobordism ring MGL∗(k) (see Proposition 4.3 for a more precise statement),
replacing Totaro’s topological constructions. The vanishing of the difference of two flops in
elliptic cohomology is then a consequence of a classical identity satisfied by the σ function
(see Proposition 4.5).
The paper is organized as follows: In §1 we recall some foundational material concerning
oriented cohomology and motivic oriented cohomology. We show that MGL∗Q is the universal
oriented cohomology theory on Smk in §2. In §3 we give the construction of elliptic cohomology
as an oriented cohomology theory on Smk for k an arbitrary perfect field, and we prove our
main result on the existence of a motivic oriented theory representing elliptic cohomology. In
§4 we introduce the double-point cobordism, use this theory to give an explicit description of
the difference of two flops in MGL∗-theory and show that the difference of two flops vanishes
in elliptic cohomology. In §5 we use Ho¨hn’s and Totaro’s algebraic computations to prove
our main result (Theorem B) on rational elliptic cohomology and its relation to MGL∗Q. We
conclude in §6 with an application of algebraic cobordism to the Chern numbers of smooth
projective symplectic varieties.
We include an appendix by Joe¨l Riou in which it is shown that the infinite suspension
spectrum of a smooth k-scheme is a strongly dualizable object in SH(k) after inverting the
exponential characteristic. This was known for a field of characteristic zero, or for an arbitrary
field after passing to Q-coefficients, but the result in this more precise form is apparantly not
in the literature.
1. Oriented cohomology
1.1. Oriented cohomology theories and algebraic cobordism. In this subsection we
collect preliminary notions and results we will use. The main goal is to fix the notations and
conventions.
Recall that a formal group law over a commutative ring R with unit is an element F (u, v) ∈
R[[u, v]] satisfying the following conditions
(1) F (u, 0) = u, F (0, v) = v;
(2) F (u, v) = F (v, u);
(3) F (F (u, v), w) = F (u, F (v,w)).
Lazard [Laz55] pointed out the existence of a universal formal group law (Laz, FLaz). We give
Laz the grading so that, with u and v of degree +1, the power series F (u, v) is homogeneous
of degree 1, and we will always consider formal group laws with coefficients in a graded ring
R, so that the associated classifying homomorphism φ(F,R) : Laz→ R preserves the grading.
Let k be a field, and Smk be the category of smooth, quasi-projective schemes over k. Let
Comm denote the category of commutative, graded rings with unit.
Definition 1.1 ( [LM07, Definition 1.1.2]). An oriented cohomology theory on Smk is given
by:
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D1: A functor A∗ : Smopk → Comm, X 7→ A
∗(X), (f : Y → X) 7→ f∗ : A∗(X)→ A∗(Y ).
D2: For any projective morphism f : Y → X in Smk of relative codimension d, a
homomorphism of graded A∗(X)-modules f∗ : A
∗(Y )→ A∗+d(X).
These data satisfy the axioms described in [LM07, loc. cit.].
A morphism f : A∗ → B∗ of oriented cohomology theories is a natural transformation of
the functors in (D1), which is also natural with respect to the maps f∗ in (D2).
For p : X → Spec k a smooth projective k-scheme of dimension d, we have the unit 1X ∈
A0(X) and its push-forward [X] := pX∗(1X) ∈ A
−d(k).
For L → X a line bundle over some X ∈ Smk, the first Chern class of L in the theory A,
cA1 (L), is defined by c
A
1 (L) := s
∗s∗(1X), where s : X → L is the zero section. For an oriented
cohomology theory A∗, there is a unique power series FA(u, v) ∈ A
∗(k)[[u, v]] satisfying
FA(c1(L), c1(M)) = c1(L⊗M)
for each pair line bundles L and M on a scheme X ∈ Smk; moreover, F defines a formal
group law over the ring A∗(k) [LM07, Lemma 1.1.3]. We denote the ring A∗(X) ⊗ Q simply
by A∗Q(X).
In case k has characteristic zero, the universal oriented cohomology theory Ω∗ has been
constructed by Levine and Morel.
Theorem 1.2 ([LM07, Theorem 4.3.7, Theorem 7.1.3]). Assume the base field k has charac-
teristic zero.
i) There is a universal oriented cohomology theory Ω∗ on Smk.
ii) The canonical ring homomorphism Laz → Ω∗(k) induced by the formal group law FΩ of
the algebraic cobordism Ω∗ is an isomorphism.
For k of characteristic zero and A an oriented cohomology theory on Smk, we let
(1.1) ΘA : Ω
∗ → A∗
be the classifying map given by Theorem 1.2(i).
When the base field k has positive characteristic, there is at present no construction of
a universal oriented theory known. However, the construction of Ω∗(X) in [LM07] leads to
a notion of a “universal oriented Borel-Moore Laz-functor on Smk of geometric type” (see
[LM07, Definition 2.2.1]), and Ω∗ is the universal such theory [LM07, Theorem 2.4.13].
We recall Quillen’s formula:
Theorem 1.3 (Quillen). Let X be a smooth quasi-projective variety, over a field k, V an
n-dimensional vector bundle on X, and π : PX(V ) → X be the corresponding projective
bundle. Let A be an oriented cohomology theory on Smk with formal group law FA and take
f(t) ∈ A∗(X)[[t]]. Then
(1.2) π∗(f(c1(O(1)))) =
∑
i
f(−Aλi)∏
j 6=i(λj −A λi)
,
where λi are the Chern roots of V , x+A y := FA(x, y) and −Ax is the inverse for FA.
A proof of this theorem in the context of complex cobordism can be found in [Vish07, page
50]. The proof goes through word for word in our setting, so we will not repeat it here.
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1.2. Motivic oriented cohomology theories. In positive characteristic, the universal ori-
ented cohomology theory is not available. In §2 we will use motivic homotopy theory to
construct the universal theory with Q-coefficients; we recall some of the basic notions here;
for details on the constructions and basic properties we use, we refer the reader to [RO, MV99,
PPR07, Voev98].
Let SH(k) be the motivic stable homotopy category of P1-spectra. One has the infinite
P1-suspension functor Σ∞
P1
(−)+ : Smk → SH(k) and suspension functors
ΣnS1 ,Σ
n
Gm
,ΣnP1 : SH(k)→ SH(k)
for all n ∈ Z. SH(k) is a triangulated tensor category with translation ΣS1 , tensor product
(E ,F) 7→ E ∧ F and unit the motivic sphere spectrum Sk := Σ
∞
P1
Spec k+. An object E of
SH(k) and integers n,m define a functor En,m : Smopk → Ab by
En,m(X) := HomSH(k)(Σ
∞
P1X+,Σ
n−m
S1
ΣmGmE).
We use the notions of a commutative P1 ring spectrum, (E , µ : E ∧ E → E , ǫ : Sk → E) and
that of a (Chern) orientation ϑ ∈ E2,1(P∞/0) from [PPR08, §1].
These notions may be extended slightly to the setting of weak commutative P1 ring spectra
and oriented weak commutative ring spectra. Here, a weak commutative P1 ring spectrum is
a triple (E , µ : E ∧ E → E , ǫ : Sk → E) as above that defines a commutative monoid object in
SH(k)/ph, where ph is the two-sided ideal of phantom maps in SH(k), that is, maps f : A→ B
in SH(k) such that f ◦i = 0 for all maps i : K → A, where K is a compact object in SH(k); see
[NSO09, §8, 1st para.]. An orientation is the same as for commutative ring spectra, in other
words, ϑ ∈ E2,1(P∞/0) is an element whose restriction to E2,1(P1/0) is the image of the unit
ǫ ∈ E0,0(k) via the suspension isomorphism E0,0(k) ∼= E2,1(P1/0). This leads to the following
definition.
Definition 1.4. A motivic oriented cohomology theory on Smk is a weak commutative P
1
ring spectrum (E , µ, ǫ) in SH(k) together with an orientation ϑ ∈ E2,1(P∞/0). A morphism of
motivic oriented cohomology theories
φ : (E , µ, ǫ, ϑ)→ (E ′, µ′, ǫ′, ϑ′)
is a morphism φ : E → E ′ in SH(k) that defines a map of monoid objects in SH(k)/ph and
satisfies φ∗(ϑ) = ϑ
′ in E ′2,1(P∞/0).
Relying on [PS03, Theorem 3.5], it is described in [PPR08, §2] how an orientation ϑ for
a commutative P1 ring spectrum E ∈ SH(k) gives rise to functorial pushforward maps f∗ :
Ea,b(Y ) → Ea−2d,b−d(X) for each projective morphism f : Y → X in Smk, where d is the
relative dimension of f . In addition, the data of the contravariant functor X 7→ E∗(X) :=
E2∗,∗(X) from Smk to Comm, together with the maps f∗, define an oriented cohomology
theory on Smk. Moreover, this construction is functorial in the motivic oriented theory: if
φ : (E , µE , 1E , ϑE) → (F , µF , 1F , ϑF ) is a morphism of motivic oriented cohomology theories,
then the induced natural transformation X 7→ φX : E
∗(X) → F∗(X), X ∈ Smk, defines a
morphism of oriented cohomology theories.
The arguments used in [PS03, loc. cit.] use only the structure of E as a cohomology theory
on pairs (X,U), U ⊂ X open, X ∈ Smk, so the constructions and arguments work just as well
for oriented weak commutative P1 ring spectra.
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Thus, letting OCT(k) denote the category of oriented cohomology theories on Smk and
MOCT(k) the category of motivic oriented cohomology theories on Smk, we have the functor
oct :MOCT(k)→ OCT(k).
sending (E , 1, µ, ϑ) to E∗ and φ : (E , µE , 1E , ϑE)→ (F , µF , 1F , ϑF ) to φ : E
∗ → F∗.
We will simplify the notation by dropping auxiliary data, writing for instance (E , ϑ) for
a motivic oriented cohomology theory, A∗ for an oriented cohomology theory and E∗ for the
oriented cohomology theory oct((E , ϑ)); we may even drop the orientation ϑ from the notation
if the context makes the meaning clear. For a motivic oriented cohomology theory (E , ϑ), we
let φE : Laz → E
∗(k) be the homomorphism classifying the formal group law of the oriented
cohomology theory E∗. We say that a motivic oriented cohomology theory (E , ϑ) represents
an oriented cohomology theory A∗ if there is an isomorphism of oriented cohomology theories
α : A∗ → E∗.
Remarks 1.5.
1. The notion of a motivic oriented cohomology theory on Smk is referred to as an “oriented
ring cohomology theory” in [PPR08]. We find this too similar to the term “oriented cohomol-
ogy theory”, hence our relabelling.
2. The algebraic cobordism P1-spectrum MGL ∈ SH(k) with its canonical orientation ϑMGL
is the universal motivic oriented cohomology theory on Smk. See [PPR07, Voev98] for the
construction of (MGL, ϑMGL) and [PPR08] for the proof of universality
1.
3. Let k be a field of characteristic zero. Since MGL∗ is an oriented cohomology theory,
we have the canonical comparison morphism (1.1) of oriented cohomology theories on Smk,
ΘMGL : Ω
∗ → MGL∗, which is an isomorphism by [Lev09, Theorem 3.1]. Thus, for a field of
characteristic zero, MGL∗ is the universal oriented cohomology theory on Smk.
2. Universality
We have noted that MGL∗ (or Ω∗) is the universal oriented cohomology theory on Smk, if k
has characteristic zero. In this section, we prove a number of weaker universality statements
for an arbitrary perfect field k.
2.1. Specialization of the formal group law. From the oriented cohomology theory
MGL∗, and a given formal group law F (u, v) ∈ R[[u, v]] such that the exponential charac-
teristic p of k is invertible in R, we may construct an oriented cohomology theory R∗ on Smk
with R∗(k) = R and formal group law F as follows.
For X ∈ Smk, pullback by the structure map makes MGL
∗(X) an MGL∗(k)-algebra; the
pull-back maps f∗ : MGL∗(X) → MGL∗(Y ) are MGL∗(k)-algebra homomorphisms and the
projective push forward maps f∗ are MGL
∗(k)-module homomorphisms. Via classifying map
φMGL : Laz→ MGL
∗(k), we may thus form the tensor product ring R∗(X) := MGL∗(X)⊗Laz
R.
1In [PPR08] the more restrictive notion of motivic oriented cohomology theory is used, in that the objects
are assumed to the commutative ring spectra rather than weak commutative ring spectra. As pointed out
in [L15, §1, comments after Theorem 1.4], the proofs and results of [PPR08] carry over for oriented weak
commutative P1 ring spectra without change, as all the arguments use only the resulting cohomology theories
on pairs of smooth schemes of finite type
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Lemma 2.1. Let k be a perfect field, F ∈ R[[u, v]] a formal group law over a commutative
(graded) ring R. Assume that the exponential characteristic of k is invertible in R. Then there
is an oriented cohomology theory R∗ on Smk with R
∗(X) = MGL∗(X) ⊗Laz R. Moreover,
R∗(k) = R and R∗ has formal group law F . Finally, if the characteristic of k is zero, then
R∗ is the universal oriented cohomology theory on Smk with formal group law F ∈ R[[u, v]].
Proof. The fact that X 7→ R∗(X) extends to an oriented cohomology theory R∗ on Smk with
R∗(X) = MGL∗(X) ⊗Laz R follows from the fact that MGL
∗ is an an oriented cohomology
theory on Smk, together with standard properties of the tensor product.
By the main result of [Hoy13], the map Laz∗ → MGL2∗,∗(k) is an isomorphism after invert-
ing the exponential characteristic of k, and thus R∗(k) := MGL∗(k) ⊗Laz R ∼= R and hence
the theory R∗ has formal group law F ∈ R[[u, v]].
The last statement follows from the fact (remark 1.5) that MGL∗ is the universal oriented
cohomology theory on Smk in case k has characteristic zero. 
2.2. Landweber exactness. The well-known condition of Landweber exactness is a sufficient
condition for the theory X 7→ R∗(X) on Smk to arise from a motivic oriented cohomology
theory.
Let (R,F ) be a formal group law. For any prime l > 0, we write [l] ·F x =
∑
i≥1 aix
i, and
let vn := aln . In particular we have v0 = a1 = l.
Definition 2.2. The formal group law (R,F ) is said to be Landweber exact if for all primes
l and for all integers n, the multiplication map
vn : R/(v0, · · · , vn−1)→ R/(v0, · · · , vn−1)
is injective.
Theorem 2.3. Let k be a perfect field, (R,F ) a formal group law. If (R,F ) is Landweber
exact and the exponential characteristic of k is invertible in R, then the oriented cohomology
theory X 7→ R∗(X) on Smk is represented by a motivic oriented cohomology theory.
More precisely, there is a motivic oriented cohomology theory (E , ϑ) with classifying map
ΘE : MGL → E and a ring homomorphism R → E
2∗,∗(k) such that the map of oriented
cohomology theories oct(ΘE ) : MGL
∗ → E∗ induces an isomorphism of oriented cohomology
theories ¯oct(ρE) : R
∗ := MGL∗⊗LazR→ E
∗
The classical precursor of this result is due to Landweber [Lan76]; in our setting this result
follows from [NSO09]. The proof relies in addition on the main result of Appendix B, kindly
supplied by Joe¨l Riou.
Proof of Theorem 2.3. From [NSO09, Theorem 8.6, Proposition 8.8] and the fact that the Tate
subcategory of SH(Z) is a Brown category [NSO09, Lemma 8.2], there is a weak commutative
ring P1 spectrum E ∈ SH(k), a morphism of weak ring spectra φ : MGL → E and a map of
graded rings ρ : R∗ → E2∗,∗(k) making the diagram
Laz∗
ρ
//

R∗

MGL2∗,∗(k)
φ
// E2∗,∗(k)
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commute, and so that the induced map MGL∗∗(F)⊗LazR∗ → E∗∗(F) is an isomorphism for all
F in SH(k). We define ϑE to be φ∗(ϑMGL), giving us the morphism φ : (MGL, ϑMGL)→ (E , ϑE )
of motivic oriented cohomology theories.
We claim that the map MGL∗∗(X)⊗LazR
∗ → E∗∗(X) induced by φ and ρ is an isomorphism
for all X ∈ Smk, in particular, E represents the oriented cohomology theory X 7→ R
∗(X) on
Smk.
For this, let p denote the exponential characteristic of k. We have the natural isomorphism
for A ∈ SH(k), X ∈ Smk: A
a,b(X)[1/p] ∼= A−a,−b((Σ
∞
T X+)
D)[1/p], where (Σ∞T X+)
D is the
strong dual of Σ∞T X+, which exists (in SH(k)[1/p]) by corollary B.2. As p is invertible in R
∗,
this gives us the commutative diagram
MGL∗,∗(X)⊗Laz R
∗
(φ,ρ)

∼
// MGL−∗,−∗((Σ
∞
T X+)
D)⊗Laz R−∗
(φ,ρ)

E∗,∗(X) ∼
// E−∗,−∗((Σ
∞
T X+)
D)
As (φ, ρ) : MGL−∗,−∗((Σ
∞
T X+)
D) ⊗Laz R−∗ → E−∗,−∗((Σ
∞
T X+)
D) is an isomorphism, so is
(φ, ρ) : MGL∗,∗(X)⊗Laz R
∗ → E∗,∗(X). 
We denote the motivic oriented cohomology theory associated to a Landweber exact formal
group law (R,F ) by (MGL⊗LazR,ϑR) and the canonical morphism given by the universality
of MGL by ΘF,R : (MGL, ϑMGL) → (MGL⊗LazR,ϑR). We sometimes drop the orientation
from the notation if the context makes the meaning clear.
2.3. Exponential and logarithm. Let (R,F ) be the formal group law. A logarithm of the
formal group law F is a series g(u) = u+
∑
i≥2 giu
i ∈ R[[u]] satisfying the equation
g(F (u, v)) = g(u) + g(v).
Novikov [N67] showed that every formal group law with coefficients in a Q-algebra has a
logarithm. The functional inverse λ(u) ∈ R[[u]] of the logarithm g(u) is called the exponential
of the formal group law. With our grading conventions, if we give u degree one, then the
power series g(u) and λ(u) are both homogeneous of degree one. Thus, if we write λ(u) =
u+
∑
i≥1 τiu
i+1, then τi ∈ R has degree−i. It is noted by Hirzebruch that ring homomorphisms
Laz→ RQ are in one to one correspondence with power series λ as above.
2.4. Twisting a cohomology theory. We recall Quillen’s twisting construction for oriented
cohomology theories and its analog for motivic oriented cohomology theories. For details we
refer the reader to [LM07, §4.18 and §4.19].
Let A∗ be an oriented cohomology theory on Smk and τ = (τi) ∈
∏∞
i=0A
−i(k), with τ0 = 1.
Let λτ (u) =
∑∞
i=0 τiu
i+1. The Todd genus is the power series Tdτ (t) := t/λτ (t).
For a vector bundle E on some Y ∈ Smk, the Todd class of a vector bundle E on Y is
given as usual by the splitting principal: Tdτ (E) =
∏r
i=1Tdτ (ξi) ∈ A
∗(Y ), where ξ1, . . . , ξr
are the Chern roots of E in A∗(−). The assignment E 7→ Tdτ (E) is multiplicative in exact
sequences, hence descends to a well-defined homomorphism Tdτ : K0(Y )→ (1 +A
∗≥1(Y ))×.
The twisted oriented cohomology theory A∗τ is defined by setting A
∗
τ (X) = A
∗(X), for
X ∈ Smk, and for f : Y → X, setting f
∗
τ = f
∗ : A∗(X)→ A∗(Y ). For a projective morphism
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f : Y → X and α ∈ A∗(Y ), we set
f τ∗ (α) := f∗(Tdτ ([TY ]− [f
∗TX ]) · α).
One computes that cAτ1 (L) = λτ (c
A
1 (L)) and that the formal group law for A
∗
τ is given by
F τA(u, v) = λτ (FA(λ
−1
τ (u), λ
−1
τ (v))).
Thus, if FA is the additive group law, FA(u, v) = u+ v, then λτ (u) is the exponential map for
the twisted group law (F τA, A
∗(k)).
The twisting construction is also available for motivic oriented cohomology theories. Let
(E , µ, 1, ϑ) be a motivic oriented cohomology theory, and let (τi ∈ E
−2i,−i(k))i≥0 be a sequence
of elements with τ0 = 1.
Form the orientation ϑτ ∈ E
2,1(P∞/0) by setting ϑτ := λτ (ϑ) =
∑
i≥0 τiϑ
i+1. The projective
bundle formula implies that ϑm goes to zero in E2,1(PN/0) for m > N , from which it follows
that λτ (ϑ) is a well-defined element in E
2,1(P∞/0) = lim←−E
2,1(PN/0) and is an orientation. Let
τE
∗ be the oriented cohomology theory corresponding to (E , µ, 1, ϑτ ).
It follows from the definitions and [PS04, Corollary 1.1.10 ] that the identity map on the
graded groups E∗τ (X) = E
∗(X) defines an isomorphism of oriented cohomology theories
oct((E , µ, 1, ϑτ ))→ E
∗
τ := oct((E , µ, 1, ϑ))τ ;
we will henceforth identify these two oriented cohomology theories via this isomorphism and
write E∗τ for both oct((E , µ, 1, ϑτ )) and oct((E , µ, 1, ϑ))τ .
Let HZ ∈ SH(k) be the commutative P1 ring spectrum representing integral motivic co-
homology [Voev98] (see also [RO, §2.4], where this spectrum is denoted MZ). HZ has the
orientation vH ∈ HZ
2,1(P∞/0) is given by the sequence of hyperplane classes cCH1 (OPn(1)) ∈
HZ2,1(Pn) = CH1(Pn).
Let R be a Z-graded commutative ring. We have the motivic oriented cohomology theory
on Smk
HR = ⊕n∈ZΣ
n
P1HR
−n,
where HR−n is the P1 spectrum representing motivic cohomology with coefficients R−n and
where we give HR the the orientation induced by that of HZ.
Now let (R,F ) be a formal group law, with R a (graded) Q-algebra. Taking (τi ∈ R
−i =
HR−2i,−i(k))i to be the sequence such that λτ (u) is the exponential function for (R,F ),
we form the twisted motivic oriented cohomology theory HRτ ; by construction HRτ has
associated formal group law (R,F ). We note that (R,F ) is Landweber exact, since R is a
Q-algebra.
We may also form the motivic oriented cohomology theory MGL⊗LazR associated to the
Landweber exact formal group law (R,F ). As this is the universal motivic oriented cohomol-
ogy theory with group law (R,F ), the classifying map ΘHRτ : MGL→ HRτ factors through
ΘF,R : MGL→ MGL⊗LazR, giving the induced classifying map Θ¯HRτ : MGL⊗LazR→ HRτ ,
unique up to a phantom map.
Lemma 2.4. The map Θ¯HRτ : MGL⊗LazR→ HRτ induces an isomorphism MGL
∗,∗⊗LazR→
HR∗,∗τ of bi-graded cohomology theories on Smk, in particular, we have the isomorphism of
associated oriented cohomology theories on Smk
Θ¯HRτ : R
∗ = MGL∗⊗LazR→ HR
∗
τ
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Proof. We apply the slice spectral sequence to MGL⊗LazR and HRτ ; the map Θ¯HRτ induces
a map of spectral sequences. For a P1 spectrum E denote the nth layer in the slice tower for
E as snE . For an abelian group A, it follows from [Lev10, Theorem 6.5.1, Theorem 9.0.3] that
snHA =
{
HA for n = 0
0 for n 6= 0.
Also snΣ
m
P1
E = Σm
P1
sn−mE . As HR = ⊕n∈ZΣ
n
P1
HR−n, it follows that the nth layer in the
slice tower for HR is given by snHR = Σ
n
P1
HR−n. By Spitzweck’s computation of the layers
in the slice tower for a Landweber exact theory ([S12, Theorem 6.1], relying on [Hoy13]), we
have the same snMGL⊗LazR = Σ
n
P1
HR−n as well. The maps on the layers of the slice tower
induced by Θ¯HRτ are HQ-module maps (by results of Pelaez [P11, Theorem 3.6.14]), and one
knows by a result of Cisinski-Deglise [CD12, Theorem 16.1.4] that
HomHQ−Mod(Σ
n
P1HR
−n,ΣnP1HR
−n) ∼= HomQ−Vec(R
−n, R−n)
In particular, the map snΘ¯HRτ : Σ
n
P1
HR−n → Σn
P1
HR−n is determined by the induced map
after applying the functor H−2n,−n(k,−), that is, on the coefficient rings of the theories
MGL∗,∗⊗LazR and HR
∗,∗
τ . However, by construction, this is the map Θ¯ : R→ R induced by
the classifying map Laz→ R associated to the formal group Fτ (u, v) = λτ (gτ (u) + gτ (v)). As
this latter formal group law is equal to F by construction, the map Θ¯ : R→ R is the identity
map.
Thus ΘHRτ induces an isomorphism of the slice spectral sequences. As these are bounded
and convergent [Hoy13, Theorem 8.12], ΘHRτ is an isomorphism of bi-graded cohomology
theories on Smk. 
2.5. Universality. We have already noted (remark 1.5(3)) that for a field of characteristic
zero, MGL∗ is the universal oriented cohomology theory on Smk. In this subsection, we use
the universality of MGL as a motivic oriented cohomology theory plus some tricks with formal
group laws to show that MGL∗Q is the universal oriented cohomology theory for theories in
Q-algebras on Smk, for an arbitrary field k.
Lemma 2.5. Let k be a field. If k has characteristic zero, then CH∗ is the universal oriented
cohomology theory on Smk with formal group law (u+v,Z). If k has characteristic p > 0, then
CH∗Q is the universal oriented cohomology theory on Smk with formal group law (u+ v,Q).
One would expect that over an arbitrary field, CH∗ is the universal oriented cohomology
theory on Smk with formal group law (u+ v,Z). This does not seem to be known.
Proof. The case of characteristic zero is proven in [LM07, Theorem 1.2.2]. In characteristic
p > 0, let A∗ be an oriented cohomology theory with additive formal group law FA(u, v) = u+v
and with A∗(k) a Q-algebra. Extend the coefficients in the theory A∗ by a Laurent polynomial
ring, forming the theory A∗[t, t−1], with t of degree -1. Then take the twist with respect to
the modified exponential function λt(u) := t
−1(1 − e−tu), that is, τi := (−1)
iti/(i + 1)!. A
simple computation shows that theory A∗[t, t−1]τ has the multiplicative group law F (u, v) =
u+ v − tuv, and that the twisted first Chern class is given by ct1(L) = t
−1(1− e−tc
A
1 (L)).
One can define the modified Chern character
chAt : K0[t, t
−1]Q → A
∗[t, t−1]τ ,
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which sends a vector bundle E of rank r to chAt (E) := r − tc
t
1(E
∨). For a line bundle L, we
have chAt (L) = 1− tc
t
1(L
∨) = e−tc
A
1 (L
∨)) = etc
A
1 (L)). Using the splitting principle, the fact that
A∗ has the additive formal group law implies that chAt is a natural transformation of functors
to graded Q[t, t−1]-algebras. Since c
K0[t,t−1]
1 (L) = t
−1(1− L−1), we have
chAt (c
K
1 (L)) = c
t
1(L)
for all line bundles L. By Panin’s Riemann-Roch theorem [PS04, Corollary 1.1.10], this shows
that chAt is a natural transformation of oriented cohomology theories.
We have the Adams operations ψk, k = 1, 2, . . ., on K0(X), which we extend to Adams
operations onK0(X)[t, t
−1]Q byQ[t, t
−1]-linearity. Define the operation ψAk on A
∗(X)[t, t−1] to
be the Q[t, t−1]-linear map which is multiplication by kn on An(X); it is easy to see that ψAk is a
natural Q[t, t−1]-algebra homomorphism. As A has the additive group law, cA1 (L
⊗k) = kcA1 (L)
and thus
chAt (ψk(L)) = ch
A
t (L
⊗k) = etc
A
1 (L
⊗k) = ektc
A
1 (L) = ψAk (e
tcA1 (L)) = ψAk (ch
A
t (L))
for all line bundles L. By the splitting principle, this gives the identity
chAt ◦ ψk = ψ
A
k ◦ ch
A
t .
If we take A∗ = CH∗Q, ch
A
t is a modified version of the classical Chern character; thus by
Grothendieck’s classical result, the natural transformation
ch
CH∗Q
t : K0[t, t
−1]Q → CH
∗
Q[t, t
−1]τ
is an isomorphism. This gives us the natural transformation of oriented cohomology theories
chAt ◦ (ch
CH∗Q
t )
−1 : CH∗Q[t, t
−1]τ → A
∗[t, t−1]τ
Twisting back gives us the natural transformation of oriented cohomology theories
ϑCH tA : CH
∗
Q[t, t
−1]→ A∗[t, t−1].
We give CH∗Q[t, t
−1] a bi-grading by putting CHnQ ·t
m in bi-degree (n,m), and do the same
for A∗[t, t−1]. Since both ch
CH∗Q
t and ch
A
t commute with the Adams operations, we have
ϑCH tA ◦ ψ
CH
k = ψ
A
k ◦ ϑ
CH
A and thus ϑ
CH t
A respects the bi-grading. Passing to the respective
quotients by the ideal (t − 1) gives us the natural transformation of oriented cohomology
theories
ϑCHA : CH
∗
Q → A
∗
where we now use the original grading on CH∗Q and A
∗.
The uniqueness of ϑCHA follows from Grothendieck-Riemann-Roch. Indeed, as a natural
transformation of oriented cohomology theories, ϑCHA (c
CH
n (E)) = c
A
n (E) for all vector bundles
E on X ∈ Smk, and all n. But for irreducible X ∈ Smk, the Grothendieck-Riemann-Roch
theorem implies that CH∗(X)Q is generated as a Q-vector space by the elements of the form
cCHn (E), E a vector bundle on X, n ≥ 1 an integer, together with the identity element
1 ∈ CH0(X). Thus ϑCHA is unique. 
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We now consider the generic twist CH∗Q[b]b, where b = {1 = b0, b1, b2, . . .}. We have as
well the motivic oriented cohomology theory HQ ∈ SH(k). We may form the generic twist
HQ[b]b by taking the orientation λb(vH) :=
∑
n≥0 bnv
n+1
H .
Proposition 2.6. Let k be a field.
(1) Suppose k has characteristic zero. Then MGL∗ is the universal oriented cohomology
theory on Smk.
(2) For k arbitrary, MGL∗Q is the universal oriented cohomology theory in Q-algebras on
Smk.
(3) Let (F,R) be a formal group law, with R a Q-algebra and let λτ (u) =
∑
n≥0 τnu
n+1
be the associated exponential function. Then the classifying map MGL∗Q⊗LazR →
(CH∗⊗R)τ is an isomorphism.
(4) Consider the generic twist CH∗Q[b]b. The classifying map MGL
∗
Q → CH
∗
Q[b]b is an
isomorphism.
Proof. (1) is just remark 1.5 (3).
(4) follows from (3), noting that the classifying map Laz→ Z[b1, b2, . . .] for the formal group
law Fb(u, v) := λb(λ
−1
b (u) + λ
−1
b (v)) induces an isomorphism LazQ → Q[b1, b2, . . .] (see e.g.
[A74, Theorem 7.8]), hence MGL∗Q → MGL
∗
Q⊗LazQQ[b] is an isomorphism. The assertion (3)
follows immediately from Lemma 2.4, as the isomorphism CH∗ ∼= H2∗,∗(−,Z) gives rise to a
canonical isomorphism HR∗τ
∼= (CH∗⊗R)τ .
To prove (2), as we have inverted the characteristic, we may replace k with its perfect
closure, so we may assume that k is perfect. It suffices by (4) to show that CH∗Q[b]b is the
universal oriented cohomology theory in Q-algebras on Smk. This follows by applying the
twisting construction. Indeed, let A∗ be an oriented cohomology theory on Smk, such that
A∗(k) is a Q-algebra. Let (τ−1n ∈ A
−n)n be the sequence such that λτ−1(u) is the logarithm
of the formal group law (FA∗ , A
∗(k)). The twist A∗
τ−1
thus has the additive formal group law
and hence by Lemma 2.5 we have the (unique) classifying map θτ−1 : CH
∗
Q → A
∗
τ−1
. As we
have already mentioned above, the map LazQ → Q[b1, b2, . . .] classifying the formal group law
Fb(u, v) is an isomorphism, hence there is a unique ring homomorphism φ : Q[b1, b2, . . .] →
A∗(k) with φ(Fb(u, v)) = FA∗(u, v). Extend θτ−1 to Θτ−1 : CH
∗
Q[b] → A
∗
τ−1
by using φ, and
then twist back by b and φ(b) = τ to get the map ΘA : CH
∗
Q[b]b → A
∗ of oriented cohomology
theories on Smk. The uniqueness of ΘA follows from the uniqueness of θτ−1 and that of φ.
This completes the proof. 
Consider a formal group law (R,F ) with exponential λ(t) := t +
∑
i≥1 τit
i+1 ∈ RQ[[t]],
τi ∈ R
−i
Q , τ0 = 1. We have two methods of constructing an oriented cohomology theory with
formal group law (RQ, F ): the specialisation construction MGL
∗⊗LazRQ and the twisting con-
struction (CH∗⊗RQ)τ . These two oriented cohomology theories are canonically isomorphic;
we will denote both of them by R∗Q: MGL
∗⊗LazRQ =: R
∗
Q := (CH
∗⊗RQ)τ .
3. Algebraic elliptic cohomology
3.1. The elliptic formal group law. An algebraic elliptic cohomology theory is the coho-
mology theory corresponding to an elliptic formal group law. More precisely, let R be a ring
and let p : E → SpecR be an elliptic curve over R with a chosen local uniformizer t in a
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neighborhood of the identity section. The expansion of the group law of E in terms of the
coordinate t gives a formal group law FE with coefficients in R.
There is a well-studied elliptic formal group law and the corresponding cohomology theory.
Let A = Z[µ1, µ2, µ3, µ4, µ6]. We take E to be the Weierstrass curve
y2 + µ1xy + µ3y = x
3 + µ2x
2 + µ4x+ µ6
over the ring A and use t = y/x as the local uniformizer. This formal group law will be referred
as the TMF elliptic formal group law. See [Hop02] and [Hoh11] for survey of this theory. The
classifying map FE : Laz→ A[∆
−1] is Landweber exact, where ∆ is the discriminant of EA/A.
The elliptic formal group law we are using is called the Krichever elliptic formal group law
in the literature. It is related to, but different from the TMF elliptic formal group law. We
recall the genus corresponding to this formal group law, following the convention in [T00].2
Let
σ(z, τ) := z
∏
w∈Z+Zτ,w 6=0
(1−
z
w
)e
z
w
+ 1
2
( z
w
)2
be the Weierstrass sigma function. Set ζ(z, τ) := ∂ log σ(z, τ)/∂z. The Baker-Akhiezer func-
tion is defined as
Φ(t, z; τ) = eζ(z,τ)t
σ(z − t, τ)
σ(t, τ)σ(z, τ)
and we let
(3.1) Q(t) :=
t
2πi
ektΦ(
t
2πi
, z; τ), λ(t) :=
t
Q(t)
.
The coefficients of the power series Q(t) are in Q((e2πiz))[[e2iπτ , k]] (see e.g. [T00, pg. 765]).
We define the algebraic elliptic genus as the ring homomorphism
φE : Laz→ Q((e
2πiz))[[e2iπτ , k]]
associated to the Hirzebruch genus Q(t), that is, the associated formal group law has expo-
nential power series λ(t). Explicitly, the elliptic genus of a n-dimensional smooth variety X is
defined by φ(X) := 〈
∏n
i=1Q(ξi), [X]〉, where the ξi are the Chern roots of the tangent bundle
TX of X.
The coefficient ring E˜ll of the the elliptic formal group law is by definition the image of φE
and the elliptic formal group law is by definition
x+E y = λ(λ
−1(x) + λ−1(y)).
The algebraic elliptic cohomology theory associated to this formal group law, MGL∗⊗LazE˜ll,
is denoted by E˜ll
∗
.
Define functions a2, a3, a4 by
(3.2) a2 = (2πi)
−2℘(z; τ), a3 = (2πi)
−3℘′(z; τ), a4 =
1
2
(2πi)−4g2(τ).
2Krichever uses the function te−k0tΦ(t, z; τ ) as does Ho¨hn, except that Ho¨hn leaves the exponential factor
exp(−k0t + ζ(z, τ )t) as an unspecified “constant of integration”. Totaro introduces the change of variable
t 7→ t
2πi
as we do, so that the resulting function is expressible in terms of ex instead of e2πix. This has the
effect of replacing Ho¨hn’s choice of lattice 〈2pii, 2piiτ 〉 with our 〈1, τ 〉. Totaro’s k is different from ours, but this
only affects formulas for bundles with non-zero first Chern class. In particular, the rigidity property holds for
all these elliptic theories.
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where ℘(z; τ) is the Weierstrass ℘-function and g2(τ) is the Eisenstein series 60G4(τ). Let
a1 = k ∈ Q((e
2πiz))[[e2iπτ , k]].
Recalling the classical expansions of the functions a2, a3, a4 in terms of e
2iπτ and e2πiz (see
e.g. [Lang, pg. 46]) defines these functions as elements of Q((e2πiz))[[e2iπτ , k]]. We let R =
Z[a1, a2, a3,
1
2a4] ⊂ Q((e
2πiz))[[e2iπτ , k]] be the corresponding subalgebra of Q((e2πiz))[[e2iπτ , k]].
As the general Weierstrass equation is of the form
y2 = 4x3 − g2(τ)x− g3(τ)
and is parametrized by (x, y) = (℘(z, τ), ℘′(z, τ)), the functions ℘(z, τ), ℘′(z, τ), g2(τ) are
algebraically independent in Q((e2πiz))[[e2iπτ , k]] over Q, and thus R is a polynomial ring over
Z. Giving ai degree −i gives R a grading.
It follows directly from [BB10, Lemma 44] that E˜ll is contained in the subring R and that
φE : Laz → R is a homomorphism of graded rings.
3 This is accomplished as follows. We let
ER → SpecR be the elliptic curve over R defined as the base change from the Weierstrass
curve on A = Z[µ1, µ2, µ3, µ4, µ6] via the map of rings ϕ : A→ R
µ1 7→ 2a1, µ2 7→ 3a2 − a
2
1, µ3 7→ −a3, µ4 7→ −
1
2
a4 + 3a
2
2 − a1a3, µ6 7→ 0.
The chosen parameter t on the Weierstrass curve gives by base-change a parameter tR along
the zero section of ER. This gives us a formal group law over R, this just being the one
induced from the TMF formal group law through change of coefficient ring via the map ϕ.
An explicit isomorphism of this formal group law with Krichever’s elliptic formal group law
(after extending the coefficient ring from E˜ll to R) is given in [BB10, Lemma 44].
Remark 3.1. We shall see below that E˜llQ = Q[a1, a2, a3, a4]. However, as noted by Ho¨hn
[Ho¨h91] and Totaro [T00, §6], E˜ll itself is not finitely generated over Z.
Let Ell = Z[a1, a2, a3,
1
2a4][∆
−1], where ∆ is the discriminant of ER/R. An explicit formula
for ∆ is
∆ = 36(−4a1a3 − a4 + 6a
2
2)
2a22 − 8(−4a1a3 − a4 + 6a
2
2)
3(3.3)
− 27a43 + 108(−4a1a3 − a4 + 6a
2
2)a2a
2
3 − 432a
3
2a
2
3.
Theorem 3.2 (Theorem A). The Krichever elliptic formal group law (Ell[1/2], FKr) is Landwe-
ber exact. Therefore, for k a field of exponential characteristic p, the oriented cohomology
theory Ell[1/2p]∗ := MGL∗⊗Laz Ell[1/2p]
∗ on Smk is represented by a motivic oriented coho-
mology theory Eℓℓ[1/2p] on Smk.
The second statement follows from the first by Theorem 2.3. The Landweber exactness
of (Ell[1/2], FKr) can be proved following the proof of the Landweber exactness of the TMF
formal group law. As a sketch, we mention that the injectivity of vi for i > 0 is related to
the height of the formal group law of these curves and that the only possible height of these
curves are 1, 2, or infinity. The generic members in our family all have height one, which
shows that multiplication by v1 is injective. Finally, we claim that v2 in Rl[∆
−1]/(v1) is a
unit. This claim implies that multiplication by v2 is injective and that Rl[∆
−1]/(v1, v2) = 0,
3See [BB10, §5.1]. Again, we have a different normalization from that of [BB10], where they use the function
Φ(t, z; τ ) instead of Φ( t
2πi
, z; τ ). This accounts for the factors of 2pii.
ALGEBRAIC ELLIPTIC COHOMOLOGY THEORY AND FLOPS I 15
which implies the required injectivity for n ≥ 3. To verify the claim, assume otherwise, then
v2 is contained in a maximal ideal m ⊂ Rl[∆
−1]/(v1). Therefore, the fiber of the family of
curves over this closed point has associated formal group law with height greater than 2. This
contradicts with the fact that the height of the formal group law of elliptic curves over a field
of characteristic l > 0 can only be 1 or 2.
4. Flops in the cobordism ring
4.1. Double point cobordism. Following [LP09], we have the double-point cobordism ω∗(X)
of X ∈ Smk, defined as the graded abelian group M
∗
+(X) generated by projective morphisms
Y → X, with Y ∈ Smk irreducible, modulo the double point relation of [LP09, Definitions
0.1, 0.2]. It is shown in [LP09, Theorem 1] that if k has characteristic zero, then ω∗(X) is
canonically isomorphic to Ω∗(X). We will use a weaker version of this theorem, which holds
in a characteristic free fashion.
Proposition 4.1 (Levine and Pandharipande, [LM07, Proposition 3.5]). For any field k and
scheme X ∈ Smk of finite type over k, the natural projection Π : M
∗
+(X) → Ω
∗(X) factors
through ω∗(X).
The proof in [LP09] uses only the existence of smooth pull-back, projective push-forward,
the first Chern class of a line bundle, and external product, which means it does not depend
on any assumption on k. Thus, the double point relation also holds when the field k has
positive characteristic.
We note that ω∗ has the following structures:
(1) pullback maps f∗ : ω∗(X)→ ω∗(Y ) for each smooth morphism f : Y → X in Smk.
(2) push-forward maps f∗ : ω
∗(Y ) → ω∗−d(X) for each projective morphism f : Y → X
of relative dimension d in Smk.
(3) associative, commutative external products, and an identity element 1 ∈ ω0(k).
The pullback and pushforward maps are functorial, and are compatible with the external
products.
Composing the map ω∗ → Ω∗ with the natural transformation ΘMGL gives us the transfor-
mation
θMGL : ω
∗ → MGL∗,
natural with respect to smooth pullback, projective push-forward, external products and unit.
Let F ⊆ X be a smooth closed subscheme of some X ∈ Smk. The double point relation
yields the following blow-up formula in ω∗(X), and hence in Ω∗(X) and MGL∗(X):
(4.1) 1X = [BlFX → X] + [P(NFX ⊕ O)→ X]− [PP(NFX)(ONFX(1) ⊕O)→ X]
where BlFX is blow-up of X along F , and NFX is the normal bundle of F . This is proved by
the usual method of deformation to the normal cone. In case X is projective over k, pushing
forward to Speck gives the relation in ω∗(k), Ω∗(k) and MGL∗(k)
(4.2) [X] = [BlFX] + [P(NFX ⊕ O)]− [PP(NFX)(ONFX(1)⊕ O)]
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We say two smooth projective n-folds X1 and X2 are related by a flop if we have the
following diagram of projective birational morphisms:
(4.3) X˜
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
  
❆❆
❆❆
❆❆
❆❆
X1
p1
  ❇
❇❇
❇❇
❇❇
❇
X2
p2
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
Y
Here Y is a singular projective n-fold with singular locus Z, such that Z is smooth of dimension
n − 2k + 1. We assume in addition that there exist rank k vector bundles A and B on Z,
such that the exceptional locus F1 in X1 is the P
k−1-bundle P(A) over Z, with normal bundle
NF1X1 = B ⊗ OA(−1). Similarly, the the exceptional locus F2 in X2 is P(B), with normal
bundleNF2X2 = A⊗OB(−1). Let Q
3 ⊂ P4 denote the 3-dimensional quadric with an ordinary
double point v, defined by the equation x1x2 = x3x4. We say that X1 and X2 are related
by a classical flop if in addition k = 2, and along Z, (Y,Z) is Zariski locally isomorphic to
(Q3 × Z, v × Z).
We assume now X1 and X2 are related by a flop. Let X = X1 and F = F1, the terms on
the right hand side of formula (4.2) become:
BlFX = X˜,
P(NFX ⊕O) = PP(A)(B ⊗OA(−1)⊕ O),
PP(NX)(ONFX(1)⊕ O) = PP(B⊗OA(−1))(OB⊗OA(−1)(1) ⊕ O),
where PP(A)(B ⊗OA(−1)⊕O) is a projective bundle over P(A), which in turn is a projective
bundle over Z; and PP(B⊗OA(−1))(OB⊗OA(−1)(1)⊕O) is a projective bundle over P(B⊗OA(−1)),
which is a projective bundle over P(A).
Thus, we get the following immediate lemma.
Lemma 4.2. In the cobordism ring MGL∗(k), we have
[X1]− [X2] =[PP(A)(B ⊗ OA(−1)⊕ O)]− [PP(B⊗OA(−1))(OB⊗O(−1)(1) ⊕ O)]
− [PP(B)(A⊗ OB(−1)⊕ O)] + [PP(A⊗OB(−1))(OA⊗O(−1)(1)⊕ O)].
In particular, [X1]− [X2] in MGL
∗(k) comes from an element in MGL∗(Z).
The second claim follows from the observation that each of the projective bundles are
smooth varieties over Z. We will abuse notation by denoting a lifting of [X1] − [X2] to
MGL∗(Z) by [X1]− [X2] itself.
4.2. Flops in the cobordism ring. Since each term in the formula in Lemma 4.2 is a
iterated projective bundle over Z, we will apply Quillen’s formula iteratively to each term, to
calculate the fundamental class of the iterated projective bundles in MGL∗(Z).
Proposition 4.3. Let a1, . . . , ak be the Chern roots of the bundle A over Z and let b1, . . . , bk
be the Chern roots of the bundle B over Z, all Chern roots to be taken in MGL∗. Then in
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MGL∗(Z), we have
[X1]− [X2] =
k∑
m=1
(
1∏k
i=1(bi +Ω am)
∏
l 6=m(al −Ω am)
−
1∏k
i=1(ai +Ω bm)
∏
l 6=m(bl −Ω bm)
)
.
The rest of this subsection is devoted to prove this proposition. We let uB := c1(OB⊗OA(−1)(1)),
vA := c1(OA(1)), P
B := PP(A)(B ⊗ OA(−1)), P
A := PP(B)(A⊗ OB(−1)).
4.2.1. The term PPB(OB⊗OA(−1)(1)⊕ O). We first prove the following
Lemma 4.4. We have [PPB(OB⊗OA(−1)(1)⊕ O)] = [PPA(OA⊗OB(−1)(1)⊕ O)] in MGL
∗(Z).
Proof. Let π1 : PPB(OB⊗OA(−1)(1)⊕O)→ P
B be the natural projection. The two Chern roots
of OB⊗OA(−1)(1) ⊕ O are uB and 0, so applying Quillen’s formula (1.2) with f1(t) ≡ 1 being
the fundamental class, we have
(4.4) π1∗([PPB (OB⊗O(−1)(1) ⊕O)]) =
1
0−Ω uB
+
1
uB −Ω 0
=
1
−ΩuB
+
1
uB
.
Next, let π2 : PP(A)(B⊗OA(−1))→ P(A) be the projection. The Chern roots of the bundle
B⊗OA(−1) are bi−Ω vA i = 1, . . . , k. Applying Quillen’s formula (1.2) with f2(t) =
1
−Ωt
+ 1
t
,
we get
π2∗(f2(uB)) =
k∑
i=1
(−Ω(−Ω(bi −Ω vA)))
−1 + (−Ω(bi −Ω vA))
−1∏
j 6=i((bj −Ω vA)−Ω (bi −Ω vA))
=
k∑
i=1
(bi −Ω vA)
−1 + (−Ωbi +Ω vA)
−1∏
j 6=i(bj −Ω bi)
.
Finally, let π3 : P(A) → Z be the projection. Letting f3(t) :=
∑k
i=1
(bi−Ωt)
−1+(−Ωbi+Ωt)
−1
∏
j 6=i(bj−Ωbi)
,
then π∗(PPB (OB⊗OA(−1)(1)⊕ O)) = π3∗(f3(vA)) and Quillen’s formula (1.2) yields
π3∗(f3(vA)) =
k∑
i=1
k∑
m=1
(bi +Ω am)
−1 + (−Ωbi −Ω am)
−1∏
j 6=i(bj −Ω bi)
∏
l 6=m(al −Ω am)
.
Similarly, for the projective bundle π′ : PPA(OA⊗OB(−1)(1) ⊕ O)→ Z, we have:
π′∗([PPA(OA⊗OB(−1)(1)⊕ O)]) =
k∑
i=1
k∑
m=1
(ai +Ω bm)
−1 + (−Ωai −Ω bm)
−1∏
j 6=i(aj −Ω ai)
∏
l 6=m(bl −Ω bm)
and the lemma follows. 
4.2.2. The term PP(A)(B ⊗ OA(−1) ⊕ O). Let π1 : PP(A)(B ⊗ OA(−1) ⊕ O) → P(A) be the
projection. The Chern roots of the bundle B ⊗OA(−1)⊕O are bi −Ω vA, i = 1, . . . , k, and 0.
Applying Quillen’s formula (1.2) with f1(t) ≡ 1, we get
π1∗([P(B ⊗ OA(−1)⊕ O)]) =
k∑
i=1
1
(vA −Ω bi)
∏
j 6=i(bj −Ω bi)
+
1∏k
i=1(bi −Ω vA)
.
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Now let π2 : P(A) → Z be the projection. Letting f2(t) :=
∑k
i=1[(t −Ω bi)
∏
j 6=i(bj −Ω
bi)]
−1+(
∏k
i=1(bi−Ω t))
−1, we have π∗([PP(A)(B⊗OA(−1)⊕O)]) = π2∗(f2(vA)) and Quillen’s
formula (1.2) gives
π2∗(f2(vA)) =
k∑
m=1
∑k
i=1((−Ωam −Ω bi)
∏
j 6=i(bj −Ω bi))
−1 + (
∏k
i=1(bi +Ω am))
−1∏
l 6=m(al −Ω am)
Similarly, for the bundle π′ : PP(B)(A⊗OA(−1)⊕ O)→ Z, we have:
π′∗([PP(B)(A⊗OA(−1)⊕O)]) =
k∑
m=1
∑k
i=1((−Ωbm −Ω ai)
∏
j 6=i(aj −Ω ai))
−1 + (
∏k
i=1(ai +Ω bm))
−1∏
l 6=m(bl −Ω bm)
Therefore,
π∗([PP(A)(B ⊗ OA(−1)⊕ O)]) − π
′
∗([PP(B)(A⊗ OB(−1)⊕ O)])
=
k∑
m=1
(
1∏k
i=1(bi +Ω am)
∏
l 6=m(al −Ω am)
−
1∏k
i=1(ai +Ω bm)
∏
l 6=m(bl −Ω bm)
)
.
This finishes the proof of proposition 4.3.
4.3. Flops in the elliptic cohomology ring. In this subsection, we prove the following
Proposition.
Proposition 4.5. Suppose X1 and X2 are smooth projective varieties related by a flop. No-
tations as above, in the ring Ell∗Q(Z), we have
[PP(A)(B ⊗ OA(−1)⊕ O)] = [PP(B)(A⊗ OB(−1)⊕ O)].
In particular, we have [X1]− [X2] = 0 in Ell
∗
Q(Z), and hence [X1]− [X2] = 0 in E˜ll[1/p]
∗(k),
where p is the exponential characteristic of k.
Remark 4.6. Once we know that [X1]− [X2] = 0 in Ell
∗
Q(Z), it follows by pushing forward
to Speck that [X1] − [X2] = 0 in Ell
∗
Q(k). But [X1] − [X2] is a well-defined element in
E˜ll[1/p]∗(k) and E˜ll[1/p]∗(k) → Ell∗Q(k) is injective, since E˜ll[1/p]
∗(k) is by construction an
integral domain, hence [X1]− [X2] = 0 in E˜ll[1/p]
∗(k), as claimed above.
Proof of the proposition. We retain the notation of the previous section. Thanks to Proposi-
tion 4.3, we can reduce [X1]− [X2] to an explicit element in MGL
∗(Z). Applying the canonical
map MGL∗(Z)→ Ell[1/p]∗(Z) to this element, we have, in the ring Ell[1/p]∗(Z),
[X1]− [X2] =
k∑
m=1
(
1∏k
i=1(bi +Ω am)
∏
l 6=m(al −Ω am)
−
1∏k
i=1(ai +Ω bm)
∏
l 6=m(bl −Ω bm)
)
.
We would like to show the above expression is 0 in Ell∗Q(Z).
Recall (3.1) the exponential λ(t) of our formal group law. Let Ai := λ
−1(ai), and Bi :=
λ−1(bi), i = 1, . . . , k. Then in Ell
∗
Q(Z), [X1]− [X2] becomes:
k∑
m=1
 k∏
i=1
1
λ
(Bi +Am)
∏
l 6=m
1
λ
(Al −Am)−
k∏
i=1
1
λ
(Ai +Bm)
∏
l 6=m
1
λ
(Bl −Bm)
 .
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We expand 1/λ using the definition
1
λ
(t) =
Q(t)
t
=
1
2πi
ekteζ(z)
t
2πi
σ( t2πi − z, τ)
σ( t2πi , τ)σ(−z, τ)
.
After factoring out some obvious common terms and deleting these, [X1]− [X2] becomes
k∑
m=1
 k∏
i=1
σ(Bi +Am − z)
σ(Bi +Am)
∏
l 6=m
σ(Al −Am − z)
σ(Al −Am)
−
k∏
i=1
σ(Ai +Bm − z)
σ(Ai +Bm)
∏
l 6=m
σ(Bl −Bm − z)
σ(Bl −Bm)
 .
Now let
xi = Ai, xk+j = −Bj, yi = Ai − z, yk+j = −Bj + z; i, j = 1, . . . , k.
Using the fact that σ(z) is an odd function, we get, for all m = 1, . . . , k,
σ(−z)
k∏
i=1
σ(Bi +Am − z)
σ(Bi +Am)
∏
l 6=m
σ(Al −Am − z)
σ(Al −Am)
=
∏k
j=1 σ(yk+j − xm)
∏k
l=1 σ(yl − xm)∏k
j=1 σ(xk+j − xm)
∏
l 6=m σ(xl − xm)
and
−σ(−z)
k∏
i=1
σ(Ai +Bm − z)
σ(Ai +Bm)
∏
l 6=m
σ(Bl −Bm − z)
σ(Bl −Bm)
=
∏k
i=1 σ(yi − xk+m)
∏k
l=1 σ(yk+l − xk+m)∏k
i=1 σ(xi − xk+m)
∏
l 6=m σ(xk+l − xk+m)
.
The proposition now follows from the following classical identity for the sigma-function (see
§20.53, Example 3 of [WW96]): Assuming
∑n
r=1 xr =
∑n
r=1 yr, we have
n∑
r=1
σ(xr − y1)σ(xr − y2) · · · σ(xr − yn)
σ(xr − x1)σ(xr − x2) · · · ∗ · · · σ(xr − xn)
= 0
with the ∗ denoting that the term σ(xr − xr) is to be omitted. 
5. The algebraic elliptic cohomology ring with rational coefficients
Let Ifl be the ideal in MGL
∗
Q(k) generated by differences [X1]− [X2], where X1 and X2 are
related by a flop and Iclfl ⊆ Ifl the ideal in MGL
∗
Q(k) generated by differences [X1] − [X2],
where X1 and X2 are related by a classical flop. Section 4.3 shows that the elliptic genus
φ : MGL∗(k)→ Ell[1/p]∗(k) factors through the quotient MGL∗(k)/Ifl.
The next proposition is proved in [T00, §5]. However, as Totaro’s proof uses some non-
algebraic objects, we give a completely algebraic (albeit quite similar) proof in an appendix.
Proposition 5.1. The ideal Iclfl in MGL
∗
Q(k) contains a system of polynomial generators xn
of MGL∗Q(k) in degree n ≤ −5.
Our main results in this section are:
Proposition 5.2. The classifying map φE : MGL
∗(k)→ Q((e2πiz))[[e2iπτ , k]] descends to define
an isomorphism of MGL∗Q(k)/Iclfl with the polynomial subalgebra RQ = Q[a1, a2, a3, a4] of
Q((e2πiz))[[e2iπτ , k]], with ai in degree −i.
This implies the following corollary.
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Corollary 5.3. The natural ring homomorphism MGL∗Q(k)/Iclfl → Ell
∗
Q(k) is injective and
Iclfl = Ifl.
Proof of the corollary, assuming the proposition. The first assertion follows immediately from
proposition 5.2; the second from the first, noting that MGL∗Q(k)/Iclfl → Ell
∗
Q(k) factors
through the quotient MGL∗Q(k)/Ifl by proposition 4.5. 
Proof of proposition 5.2. Following Ho¨hn [Ho¨h91], we define the four elementsWi, i = 1, 2, 3, 4
in MGL∗(k) via their Chern numbers as follows,
c1[W1] = 2;
c21[W2] = 0, c2[W2] = 24;
c31[W3] = 0, c1c2[W3] = 0, c3[W3] = 2;
c41[W4] = 0, c
2
1c2[W4] = 0, c
2
2[W4] = 2, c1c3[W4] = 0, c4[W4] = 6.
In fact, solving a system of linear equations, one can write down Wi explicitly as rational
linear combinations of products of projective spaces (in MGL∗(k)).
W1 := [P
1];
W2 := −16[P
2] + 18[P1 × P1];
W3 :=
3
2
[P3]− 4[P2 × P1] +
5
2
[(P1)3];
W4 := −4[P
4] + 12.5[P3 × P1] + 6[P2 × P2]− 26[P2 × (P1)2] + 11.5(P1)4.
Write the Hirzebruch characteristic power series as Q(t) = 1 + f1t+ f2t
2 + · · · . It follows
easily from the fact that σ(z) is an odd function with σ′(0) = 1 that f1 = k. Let A, B, C,
and D be such that
f1 =
1
2
A;
f2 =
1
24 · 3
(6A2 −B);
f3 =
1
25 · 3
(2A3 −AB + 16C);
f4 =
1
29 · 32 · 5
(60A4 − 60A2B + 1920AC + 7B2 − 1152D).
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Let Ki denote the homogeneous degree i part of the elliptic genus φ. A calculation shows
(see, e.g., §2.2 of [Ho¨h91]) that
K1 =
1
2
Ac1;
K2 =
1
24 · 3
((6A2 −B)c21 + 2Bc2);
K3 =
1
25 · 3
((2A3 −AB + 16C)c31 + (2AB − 48C)c2c1 + 48Cc3);
K4 =
1
29 · 32 · 5
((60A4 − 60A2B + 1920AC + 7B2 − 1152D)c41
+ (24B2 − 2304D)c22 + (120A
2B − 5760AC − 28B2 + 4608D)c21c2
+ (5760AC + 8B2 − 4608D)c3c1 + (−8B
2 + 4608D)c4).
Therefore, φ(W1) = A = 2k, φ(W2) = B, φ(W3) = C and φ(W4) = D.
Next, we compare the elements A,B,C,D with the polynomial generators of Ell∗Q(k) (3.2).
The same calculations as in [Ho¨h91, §2.5, pg.57-8] (adjusting for our different normalizations)
show that B = 24a2, C = a3, andD = 6a
2
2−a4, and we have already seen that A = 2k. Clearly
A,B,C,D ∈ Q[a1, a2, a3, a4] generate the entire polynomial ring, so φ : MGL
∗
Q(k)/Iclfl →
RQ is surjective. By proposition 5.1, MGL
∗
Q(k)/Iclfl is a quotient of a weighted polynomial
ring Q[x1, x2, x3, x4] with degxi = −i, so by reason of dimension, both the quotient map
Q[x1, x2, x3, x4]→ MGL
∗
Q(k)/Iclfl and φ : MGL
∗
Q(k)/Iclfl → RQ are isomorphisms, completing
the proof. 
6. Birational symplectic varieties
In this section we work over a base field k of characteristic zero.
6.1. Specialization in algebraic cobordism theory. We will use the specialization mor-
phism in algebraic cobordism theory. The existence of a specialization morphism in algebraic
cobordism theory is folklore; for lack of a reference, we sketch a construction here.
Proposition 6.1. Let C be a smooth curve, and p : X → C a smooth projective morphism.
Let o ∈ C be a closed point with fiber Xo and η be the generic point of C whose fiber is denoted
by Xη. Let i : Xo → X and j : Xη → X be the natural embeddings. Then there is a natural
morphism σ : Ω∗(Xη) → Ω
∗(Xo) such that σ ◦ j
∗ = i∗ where j∗ is the pull-back and i∗ is the
Gysin morphism.
Proof. Let R be the local ring of C at o ∈ C. Although in this case neither XR nor Xη are
k-schemes of finite type, they are both projective limits of such, which allows us to define
Ω∗(XR) and Ω
∗(Xη) as
Ω∗(XR) := lim
0∈U⊂C
Ω∗(p−1(U)); Ω∗(Xη) := lim
∅6=U⊂C
Ω∗(p−1(U)).
Here U ⊂ C is an open subscheme. We may then replace C with SpecR, X with XR.
For any integer n, there is a localization short exact sequence
Ωn−1(Xo)
i∗−→ Ωn(X )
j∗
−→ Ωn(Xη)→ 0.
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Let i∗ : Ωn(X ) → Ωn(Xo) be the pull-back. In order to show it factors through j
∗, it
suffices to check that i∗ ◦ i∗ = 0. This is true since i
∗ ◦ i∗ ∼= c1OXo |Xo = 0 (see [LM07, Lemma
3.1.8]). 
We note that the specialization map σ : Ω∗(Xη)→ Ω
∗(Xo) is a ring homomorphism, and is
natural with respect to pullback and push-forward in the following sense: Let q : Y → C be a
smooth projective morphism, with C as above, let f : Y → X be a morphism over C and let
fo : Yo → Xo, fη : Yη → Xη be the respective restrictions of f . Let σX : Ω
∗(Xη) → Ω
∗(Xo),
σY : Ω
∗(Yη)→ Ω
∗(Yo) be the respective specialization maps. Then
(1) f∗o ◦ σX = σY ◦ f
∗
η .
(2) Suppose f is projective. Then fo∗ ◦ σY = σX ◦ fη∗.
Indeed, as the respective restriction maps j∗ are surjective, the fact that σ is a ring homo-
morphism and the compatibility (1) follows from the fact that pullback maps are functorial
ring homomorphisms. For (2), we note that the diagram
Yo
iY
//
fo

Y
f

Xo
iX
// X
is cartesian, and then the compatibility (2) follows from the base-change identity i∗X ◦ f∗ =
fo∗ ◦ i
∗
Y and the surjectivity mentioned above.
6.2. Cobordism ring of birational symplectic varieties. Consider two birational irre-
ducible symplectic varieties X1 and X2 satisfying the following condition: There exist smooth
projective algebraic varieties X1 and X2, flat over a smooth quasi-projective curve C with a
closed point o ∈ C, such that:
(i) the fiber of Xi over o is (Xi)o = Xi;
(ii) there is an isomorphism Ψ : (X1)C\{o} → (X2)C\{o} over C.
The counterpart of the following Proposition in Chow theory is proved in [G13]. Let Ω∗
be the algebraic cobordism with Z coefficient. When the base field k has characteristic zero,
then Ω∗ = MGL∗.
Proposition 6.2. Let X1 and X2 be two birational symplectic varieties satisfying conditions
(i) and (ii). The deformation data induce an isomorphism
Ω∗(X1) ∼= Ω
∗(X2).
It was proved in [Huy97] that the above conditions (i) and (ii) hold, when:
• either X1 and X2 are connected by a general Mukai flop,
• or X1 and X2 are isomorphic in codimension two, that is, there exist isomorphic open
subsets U1 ⊂ X1, and U2 ⊂ X2 with codimXi(Xi \ Ui) ≥ 3, for i = 1, 2.
The proof follows the same idea as in [G13], nevertheless, for the convenience of the readers,
we include the proof.
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Let σi : Ω
∗(Xiη)→ Ω
∗(Xio) be the specialization map, where i = 1, 2. Let ∆ ⊂ (X1η ×X2η)
be the diagonal, or the graph of the isomorphism Ψ as in condition (ii) restricted to the generic
fiber. We define an element
Z := (σ1 × σ2)([∆]) ∈ Ω
∗(X1 ×X2).
The projection X1 ×X2 → Xi for i = 1, 2 is denoted by pi. The element Z ∈ Ω
∗(X1 ×X2)
defines a map [Z] : Ω∗(X1) → Ω
∗(X2) by α 7→ p2∗(p
∗
1(α) ∩ Z). By symmetry, we also have a
map [Zop] : Ω∗(X2) → Ω
∗(X1), given by β 7→ p1∗(p
∗
2(β) ∩ Z
op), where Zop ∈ Ω∗(X2 ×X1) is
the image of Z by the symmetry morphism X1 ×X2 → X2 ×X1.
We summarize the notations in the following diagram:
(6.1) X1 ×X2 ×X1
p12
tt✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐
p13

p23
**❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
X1 ×X2
p1
$$■
■■
■■
■■
■■
p2
❯❯❯
❯❯❯
❯
❯❯❯
❯
**❯❯
❯❯❯
❯❯
X1 ×X1
pr1
xxqq
qq
qq
qq
qq
q
pr2
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
X2 ×X1
p1
zz✉✉
✉✉
✉✉
✉✉
✉
p2✐
✐✐✐
✐✐✐
✐✐✐
✐
tt✐✐✐
✐✐✐
✐
X1 X2 X1
Now we check that [Zop] ◦ [Z] = 1, i.e., for any α ∈ Ω∗(X1) we have
p1∗
(
p∗2
(
p2∗(p
∗
1α ∩ Z)
)
∩ Zop
)
= α.
The diagonal in Xi ×Xi will be denoted by ∆Xi . Similarly we have ∆Xiη ⊆ Xiη × Xiη as the
diagonal. We have:
p1∗
(
p∗2
(
p2∗(p
∗
1α ∩ Z)
)
∩ Zop
)
= p1∗
((
p23∗
(
p∗12(p
∗
1α ∩ Z)
))
∩ Zop
)
= (p1p23)∗
(
(p13pr1)
∗α ∩ p∗12Z ∩ p
∗
23Z
op
)
= (pr2)∗
(
pr∗1α ∩ p13∗
(
p∗12Z ∩ p
∗
23Z
op
))
= (pr2)∗(pr
∗
1α ∩∆X1)
= α.
These equalities are all obvious, with the exception of the fourth one, which follows from the
following lemma.
Lemma 6.3. Notations as in the diagram, we have:
p13∗(p
∗
12Z ∩ p
∗
23Z
op) = ∆X1 ∈ Ω(X1 ×X1).
Proof. Consider the same diagram as (6.1) with Xi replaced by Xiη. We make the convention
here in the proof that for any map p in diagram (6.1), the corresponding map for generic
fibers will be denoted by p˜. Note that
p˜13∗(p˜12
∗∆ ∩ p˜23
∗∆op) = ∆X1η ∈ Ω((X1)η × (X1))η .
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Applying the specialization map σ on both sides, we get:
p13∗(p
∗
12Z ∩ p
∗
23Z
op) = ∆X1 ∈ Ω(X1 ×X1).

Let πi : Ω
∗(Xi)→ Ω
∗(k) be the structure map of Xi → k, where i = 1, 2.
Proposition 6.4. Let [Z] : Ω∗(X1)→ Ω
∗(X2) be the map constructed as above. We have,
(1) [Z](1X1) = 1X2 ,
(2) π1∗(1X1) = π2∗(1X2).
Proof. For (1) we have
p˜2∗(p˜1
∗(1(X1)η ) ∩∆) = 1(X2)η ∈ Ω((X2)η).
Applying the specialization map σ on both sides, we get:
p2∗(p
∗
1(1X1) ∩ Z) = 1X2 ∈ Ω
∗(X2).
For (2), let Ψ : X1η ∼= X2η be the isomorphism as in condition (ii), we have Ψ∗(1X1η ) = 1X2η ,
and π˜1∗(1X1η )) = π˜2∗(1X2η )). Applying the specialization map, (2) follows. 
For a vector bundle E on some X ∈ Smk, let c
i1,...,ir(E) denote the product ci1(E) · · · cir(E)
in CH∗(X). For X a smooth projective variety over k, the Chern number cI(X) associated to
an index I = (i1, . . . , ir) with
∑
j ij = dimkX and ij > 0 is degk(c
I(TX)).
Corollary 6.5. Let X1 and X2 be two birational symplectic varieties satisfying conditions (i)
and (ii). Then X1 and X2 have the same Chern numbers.
Proof. For an integer d > 0, let Pd denote the number of partitions of d. It is well-known that
the function X 7→
∏
I c
I(X) on smooth projective irreducible k-schemes of dimension d over k
descends via the map X 7→ [X] ∈ Ω−d(k) to well-defined homomorphism c∗,d : Ω−d(k)→ ZPd .
The result is now an immediate consequence of Proposition 6.4. 
Appendix A. The ideal generated by differences of flops
Let Iclfl be the ideal in MGL
∗
Q(k) generated by those [X1] − [X2] with X1 and X2 related
by a classical flop.
Proposition A.1. The ideal Iclfl in MGL
∗
Q(k) contains a system of polynomial generators
xn of MGL
∗
Q(k) in all degrees n ≤ −5.
This proposition was originally proved in Section 5 of [T00], using some non-algebraic
constructions. Totaro’s proof is based on explicit calculations that lend themself to our setting
after a slight adjustment.
For a smooth irreducible projective variety X over k, we have the characteristic class
sn(X) = 〈ξn1 + · · · + ξ
n
n , [X]〉, with ξi being the Chern roots of the tangent bundle of X
(in the Chow ring CH∗). We will use the fact that an element x of MGL−nQ (k) is a polynomial
generator of the ring MGL∗Q(k) if and only if the Chern number s
n is not zero on x (see e.g.,
[A74]).
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Following Fulton, we have the ith Segre´ class of a rank r vector bundle V bundle over a
smooth k-scheme X, defined as
si(V ) = π∗(u
i+r−1), i = 0, 1, . . . ,
where u = c1(O(1)) ∈ CH
1(P(V )) and π : P(V )→ X is the structure morphism. From [F98,
Thereom 3.2], we have
Lemma A.2. Let V → X be a vector bundle over a smooth k-scheme X, let s(V ) =
∑
i si(V )
be the total Segre´ class, c(V ) =
∑
i ci(V ) the total Chern class. Then s(V ) = c(V )
−1 in
CH∗(X).
Recall that we have shown that, in MGL∗(k),
[X1]− [X2] = [PP(A)(B ⊗ OP(A)(−1)⊕ O)]− [PP(B)(A⊗ OP(B)(−1)⊕ O)].
For each smooth Z and rank-2 vector bundles A and B, there is a pair X1 and X2, related by a
classical flop and with exceptional fibers equal to P(A) and P(B) respectively. Indeed, consider
the P1 × P1 bundle q : P(A)×Z P(B)→ Z, which we embed in the P
3 bundle P(A⊕B)→ Z
via the line bundle p∗1OA(1) ⊗ p
∗
2OB(1). We then take Y
0 to be the affine Z cone in A ⊕ B
associated to P(A)×Z P(B) ⊂ P(A⊕B), and Y the closure of Y
0 in P(A⊕B ⊕OZ). Y thus
contains the P2 bundles P1 := P(A ⊕ OZ) and P2 := P(B ⊕ OZ); we take Xi → Y to be the
blow-up of Y along Pi, i = 1, 2 and X˜ the blow-up of Y along Z.
For each n ≥ 5, we will find an (n − 3)-fold Z and rank two vector bundles A and B over
Z, such that sn([PP(A)(B ⊗ OP(A)(−1)⊕ O)]) 6= s
n([PP(B)(A⊗ OP(B)(−1) ⊕ O)]). In fact, we
take Z = Pn−3, A = OZ(1)⊕ OZ and B = O
2
Z .
Set h = c1(OZ(1)), vA := c1(OP(A)(1)), vB = c1(OP(B)(1)), wA := c1(OP(A⊗O(−1)⊕O)(1)),
wB = c1(OP(B⊗O(−1)⊕1)(1)), and let z1 · · · , zn−3 be the Chern roots of the tangent bundle of
Z = Pn−3. Then the Chern roots of the tangent bundle of PP(A)(B ⊗ OP(A)(−1) ⊕ O) are
−vA + wB ,−vA + wB , wB , h+ vA, vA, z1, . . . , zn−3.
For the bundle π1 : PP(A)(B ⊗ OP(A)(−1)⊕ O)→ P(A), Lemma A.2 yields
π1∗(w
i
B) = si−2(B ⊗ OP(A)(−1)⊕ O) = (i− 1)v
i−2
A .
Similarly, for π2 : P(A)→ Z, we have
π2∗(v
i
A) = si−1(A) =
i−1∑
j=0
(−h)j .
Using this and the projection formula, we find
π1∗s
n
(
[PP(A)(B ⊗ OP(A)(−1)⊕ O)]
)
= π1∗
[
2(−vA + wB)
n+wnB+(h+ vA)
n+(vA)
n+
n−3∑
i=1
zni
]
= 2
n∑
i=2
(
n
i
)
(−vA)
n−i(i− 1)(vA)
i−2 + (n− 1)(vA)
n−2
= (vA)
n−2(2(−1)n + n− 1).
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According to Lemma A.2, π2∗(vA)
n−2 = (−h)n−3. Therefore,
π2∗π1∗s
n
(
PP(A)(B ⊗ OP(A)(−1)⊕ O)
)
= hn−3(−2 + (−1)n−3(n− 1)).
We do the same for the projection π′1 : PP(B)(A⊗OP(B)(−1)⊕1) → P(B), and π
′
2 : P(B)→
Z. Using Lemma A.2, a calculation similar to the one above gives
π′2∗π
′
1∗s
n
(
PP(B)(A⊗ OP(B)(−1)⊕ 1)
)
= hn−3(−(n− 1)2 +
(
n
2
)
+ (n− 2)(−1)n−3)
This gives
sn([X1]− [X2]) =
n2 − 3n− 2 + 2(−1)n−1
2
,
so for n ≥ 5, sn([X1]− [X2]) 6= 0, as desired.
Appendix B. ℓ′-alterations and dualisability (by Joe¨l Riou)
Proposition B.1. Let k be a perfect field. Let ℓ be a prime number different from the
characteristic of k. Then, for any smooth finite type k-scheme U , the suspension spectrum
Σ∞T U+ belongs to the pseudo-abelian triangulated subcategory of SH(k)Z(ℓ) generated by the
objects Σ∞T X+ where X is projective and smooth over k.
Corollary B.2. Let k be a perfect field. Let p denote the caracteristic exponent of k (i.e.,
p > 0 or p = 1 if the characteristic of k is zero). Then, for any smooth finite type k-scheme
U , the suspension spectrum Σ∞T U+ is strongly dualisable in SH(k)Z[ 1
p
].
First, we shall see how the corollary follows from the proposition. The strong dualisability
can be formulated using the internal Hom, which shall be denoted Hom here. An object
A ∈ SH(k)Z[ 1
p
] is strongly dualisable if and only if for any objectM ∈ SH(k)Z[ 1
p
], the canonical
morphism Hom(A,Sk)∧M → Hom(A,M) is an isomorphism. At the level of stable motivic
homotopy sheaves, the localisation functor SH(k)Z[ 1
p
] → SH(k)Z(ℓ) (for any prime number ℓ
not dividing p) corresponds to the tensor product with Z(ℓ) over Z[
1
p
]. Then, we see that in
order to prove that an object A ∈ SH(k)Z[ 1
p
] is strongly dualisable, it suffices to prove that its
images in all the categories SH(k)Z(ℓ) (for ℓ not dividing p) are strongly dualisable. Finally,
the corollary follows from the proposition and the fact that the objects Σ∞T X+ are strongly
dualisable in SH(k) if X is projective and smooth (see [R05, §2] which relies on the work by
J. Ayoub [A07] and V. Voevodsky).
In order to prove the proposition, we shall need the following lemma:
Lemma B.3. Let k be a field of characteristic p > 0. Let π : V → U be a finite and e´tale
morphism between connected and smooth k-schemes. Let d be the degree of π. Then, there
exists a dense open subset U ′ ⊂ U and a morphism s : Σ∞T U
′
+ → Σ
∞
T V
′
+ in SH(k) (where
V ′ := π−1(U ′)), such that if we denote π′ : Σ∞T V
′
+ → Σ
∞
T U
′
+ the induced morphism, the
composition π′ ◦ s ∈ EndSH(k)(Σ
∞
T U
′
+) can be written as π
′ ◦ s = d+α, where α is a nilpotent
endomorphism of Σ∞T U
′
+ in SH(k).
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Proof. We may observe that the map s of the lemma can be obtained by application of the
functor a♯ : SH(U
′) → SH(k) (see [MV99, p. 104]) where a : U ′ → Spec(k) is the obvious
morphism. Indeed, passing to the generic point of U , we see that in order to prove the lemma
we may assume that U = Spec(k) and that V is the spectrum of a finite separable field ex-
tension L of k. The map s is constructed in [R05, Lemme 1.9] and what we know is that
the composition π′ ◦ s ∈ EndSH(k)(Sk) is of the form d + α where α is an endomorphism
that vanishes after base change to a big enough extension of k. We now use the isomorphism
EndSH(k)(Sk) ≃ GW (k) from [M12, Corollary 1.24 and Remark 1.26]. Using this identifica-
tion, we see that α belongs to the kernel of the rank morphism GW (k) → Z. Then, we can
conclude using the following lemma: 
Lemma B.4. Let k be a field of characteristic p > 0. Let α ∈ GW (k) be an element in the
kernel of the rank morphism GW (k)→ Z. Then, α is nilpotent in GW (k).
Proof. As the set of nilpotent elements in the commutative ring GW (k) is an ideal, we may
assume α = 〈t〉 − 1 where t ∈ k×. We have (1 + α)2 = 〈t2〉 = 1, so that α2 = −2α. By
induction, we get αn = (−2)n−1α for n ≥ 1: we have to show that α is annihilated by a
power of two. If p = 2, 2α = 0 holds (see [M12, Lemma 3.9]), i.e. α2 = 0. Now we assume
p ≥ 3 so that there is no danger thinking in terms of usual quadratic forms. We first consider
γ := 〈−1〉 − 1 ∈ GW (Fp). The quadratic form −x
2 − y2 over Fp represents 1 (see [S73,
Proposition 4, §IV.1.7]) so that 〈−1〉 + 〈−1〉 = 〈1〉 + 〈1〉 ∈ GW (Fp), i.e. 2γ = 0 ∈ GW (Fp),
which gives γ2 = 0. Let t ∈ k× be any nonzero element in an extension k of Fp. The quadratic
form q(x, y) := x2− y2 = (x+ y)(x− y) represents t (this is q(1+t2 ,
1−t
2 )), which easily implies
that 〈1〉 + 〈−1〉 = 〈t〉+ 〈−t〉. This is equivalent to saying (2 + γ)α = 0 ∈ GW (k). It follows
that 4α = (2− γ)(2 + γ)α = 0, and then α3 = 0. 
We can now prove the proposition. It was already proven in the case k is of characteristic
0 in [R05] using Hironaka’s resolution of singularities. In characteristic p > 0, an argument
using de Jong’s alterations also led to the same result with rational coefficients. The idea was
to do an induction on the dimension of the variety U , which can be assumed connected. Then,
the property we want to prove becomes a birational property of U , so that we can shrink U if
needed. Using the lemma B.3, we obtain that Σ∞T U
′
+ is a direct factor of Σ
∞
T V
′
+ if the degree
d has been inverted in the coefficient ring. If d is invertible in the coefficient ring and if V ′ is
an open subset of a projective and smooth variety, we can deduce the expected property for
U . The theorems by de Jong on alterations were sufficient to conclude in the case of rational
coefficients. Here, for Z(ℓ)-coefficients, we have to ensure that an appropriate alteration can
be found with a prime-to-ℓ degree d: this is possible thanks to Gabber’s improvement [G14,
X 3.5] of de Jong’s results.
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